Abstract. The aim of this article is to give some numerical data related to the order of the Selmer groups in twist families of elliptic curves. To do this we assume the Birch and Swinnerton-Dyer conjecture is true and we use a celebrated theorem of Waldspurger to get a fast algorithm to compute L E (1).
Introduction
The purpose of this article is to give some numerical data related to the order of the Selmer groups in twist families of elliptic curves. This article is of experimental type. It would be most interesting to give theoretical explanations for the statistical observations we make.
Till today there is no algorithm that computes the order of the Selmer group of a random elliptic curve defined over Q and even assuming the Conjecture of Birch and Swinnerton-Dyer it is a hard computational problem to determine this order.
The situation will become easier if we restrict ourselves to twist families of some specific elliptic curves. Working over Q we can use the theory of modular forms to get an analytic function for the L-series of the discussed curves.
Assuming the Birch and Swinnerton-Dyer conjecture is true, we are able to exploit a result of Waldspurger, which has a crucial role in this article. It yields an efficient way to compute the order of the Selmer groups in twist families of elliptic curves, if one can find an eigenform of weight 3/2 attached to the elliptic curve via the Shimura-Shintani lift. Examples for this together with an explanation of how to apply Waldspurger's result are discussed in [1] (see Section 4) . We use these examples and compute the orders of the Selmer groups of twists of these curves up to D ≤ 10 7 . To do this one begins with a curve E and compares the order of the Selmer groups of two twisted elliptic curves E D0 and E D1 with twist factors D 0 and D 1 in the same quadratic congruence class modulo 4.N E where N E is the conductor of E. If one chooses the E D0 with D 0 small then its Selmer group can be computed rather easily. So one can compute the order of the Selmer groups for the elliptic curve E D1 by a fast computation described in Subsection 3.3. After these computations and with many data, it is a natural question to study the distribution of members in twist families for which the Selmer groups have the same order, say k times the order of the torsion of E and to find simple functions that approximate this distribution. Through the article, we only interested in k in order to compare the Selmer groups of different elliptic curves. In this article we give numerical evidence that only constants have to be changed for different twist families. We are interested in twisted elliptic curves which have rank zero, but one has to be careful about the cases where twisted elliptic curves have (analytic) positive rank. We define k = 0 to mean that the corresponding twisted elliptic curve has positive (analytic) rank. In this case the torsion subgroup doesn't play any role by definition.
1.1. Overview. In Section 2, we present some necessary definitions. The notation used in the article is introduced. Section 3 consists of four subsections. In the first subsection, a statement of Waldspurger's Theorem which plays a pivotal role in the article is given. In Subsection 3.2., we describe how to compute d(n, n 0 ). Proof is given which can be deduced from some well-known facts. In Subsection 3.3. we describe the algorithm to compute the order of the Selmer groups in twist families of elliptic curves. Furthermore, the approximation function is introduced in this subsection. We take the quotients of the distribution functions and formulate a conjecture. Finally in Section 4, we give examples of our numerical results and in particular tables listing constants α occurring in the approximating functions.
Lastly we plot a graph showing the behavior of the distribution function and the approximating function. 
Background Material
Let E/Q be an elliptic curve and assume that D is a square-free integer. With E D we denote the quadratic twist of E with D. For E given in "short" Weierstrass form
E D is the elliptic curve defined over Q isomorphic to E over Q( √ D) but not over Q.
We recall that E is modular and call the attached eigenform f E with q-expansion
This is a newform in S 2 (N E , χ 1 ) where S 2 (N E , χ 1 ) is the space of cusp forms of weight 2, level N E and χ 1 is the trivial character.
The attached eigenform of E D is the twist of f E by the quadratic character χ D
:
In this paper, we shall give numerical data related to the order of the Selmer groups of twist families {E D }. In particular we are interested in the number of twists for which there are infinitely many points in E D (Q). Recall the theorem of Mordell which states that
where the torsion subgroup E(Q) tor is finite and the rank r of E(Q) is a nonnegative integer.
For any given elliptic curve, it is possible to describe quite precisely the torsion subgroup [11] . The rank is much more difficult to compute, and in general there is no known procedure which is guaranteed to yield an answer. But if the rank of E is positive then a celebrated theorem of Kolyvagin states that L E (1) = 0. So we are sure that if L E (1) = 0 then E(Q) is finite. The converse result is not known today but it should be true. One part of the celebrated Birch and Swinnerton-Dyer Conjecture (BSD) is that the order of vanishing of L E (s) at s = 1 ("the analytic rank") is equal to the rank of E(Q). BSD states much more. It interprets the value of the first non-vanishing derivative of L E at s = 1 in terms of arithmetical objects attached to E. We shall be interested in this prediction only in the case that the analytic rank of E is 0.
We begin defining the Selmer and the Tate-Shafarevich group of elliptic curves by using the Kummer sequence of elliptic curves: Let E be an elliptic curve over Q. Let Q be an algebraic closure of Q and G Q := Aut Q (Q) the absolute Galois group of Q. Consider the abelian group E(Q) of all points on E defined over Q. One can consider the Galois cohomology groups H m (G Q , E(Q)) for m ∈ N. For all n ∈ N, we have the exact sequence of G Q −modules
As it is well known [9] , there is an associated long exact sequence of Galois cohomology groups. We need a consequence of the beginning of this sequence [11] 0
This sequence is called the Kummer Sequence associated to E. For each prime p we choose an extension of the corresponding p−adic valuation. Let G p be the corresponding decomposition group in G Q which is in a canonical way isomorphic to G Qp . Let γ p,n be the restriction map from
[n] and P the set of primes. The Tate-Shafarevich group of E is denoted by Sha Q (E) and defined by
where
The Selmer group of E is denoted by S Q (E) and defined by
So we have the exact sequence
We are now ready to state the part of BSD which is of importance for us.
is finite group, and then the Selmer group of E is finite and the following equality holds:
, and for primes p,
The numbers c p are called local Tamagawa numbers.
We remark that all terms different from the order of the Selmer group are computable more or less easily. But in some special cases it is possible to compute the order of the Selmer groups (sometimes one has to assume its finiteness), and then one can verify BSD. So there is numerical evidence for its truth.
Convention: Without further notice we always shall assume in this paper that BSD holds and use the analytic theory of modular forms to compute both the order of S Q (E) and L E (1) conditionally.
A good test for the exactness of algorithms is a result of Cassels for the order of S Q (E):
Let E/Q be an elliptic curve. There exists an alternating, bilinear pairing Γ : Sha Q (E) × Sha Q (E) −→ Q/Z whose kernel is precisely the group of divisible elements of Sha.
In particular if S Q (E) is finite, then k = #S Q (E)/#(E(Q)) is a perfect square.
Waldspurger Theorem and Its Consequences
3.1. Statement of Waldspurger's Theorem. Assume that the rank of E is equal to zero. As said above one can compute the order of the Selmer group and hence of the Tate-Shafarevich group of E by using BSD. Note that the local Tamagawa numbers c p as well as ω E can be computed easily (the latter value is transcendental and hence has to be computed up to a desired precision). The most time consuming item is the computation of L E (1). For this, there is a routine in the computer algebra system MAGMA [7] . It turns out that computing L E (1) with the necessary precision (again this is a transcendental) for an elliptic curve E with large conductor takes a long time.
For instance, computing L E (1) for the elliptic curve
which has conductor 11520793560025904, one needs at least 1000 hours in a laptop computer 1 with MAGMA which doesn't guarantee to answer. Another hard numerical problem is to decide by computation whether L E (1) = 0.
The situation is much better in families of twists of a given elliptic curve. The elliptic curve E from above is a member of such family, and we shall see in Section 3.3 how this can be used to accelerate the computation dramatically. The reason is Waldspurger's Theorem which is crucial for our work:
is an eigenform and S(F E ) = f E where S is the Shimura-Shintani lifting.
Let a n be the n−th Fourier coefficient of F E . Then for square-free natural numbers n and n 0 with n ≡ n 0 mod p|N ′ Q * 2 p and n.n 0 prime to N ′ we have
Hence we get:
else L E−n (1) = 0 iff a n = 0.
Assume that the Birch and Swinnerton-Dyer conjecture holds for E −n and E −n0 , n, n 0 as in the theorem and that
is finite iff a n = 0 and
, where d(n, n 0 ) is easily computed as explained in Subsection 3. 2 and essentially a power of 2 depending on the divisor structure of n, n 0 .
3.2.
Computing d(n, n 0 ). We continue to assume that E −n and E −n0 are twists of E satisfying the conditions of Corollary 4. We want to compute the numbers d(n, n 0 ). By definition d(n, n 0 ) depends on the Tamagawa numbers and the torsion subgroups of the two elliptic curves E −n and E −n0 .
To be explicit one has to use some easy facts about twists of elliptic curves. d(n, n 0 ) does not depend on the real period since the twisting factors n 0 and n are odd and congruent modulo 4 and ω E−n /ω E−n0 = √ n 0 / √ n and hence cancel in the formula in Corollary 4.
Independence of torsion elements: It is well known and obvious that for all pairs of elliptic curve E and twists E −n we have E(Q) [2] = E −n (Q) [2] .
Moreover for given E there are only finitely many (in fact only very few) twists of E which have torsion points of order > 2 over Q. Avoiding these twists is easy and so one can assume without falsifying the statistic, that all members of the twist families have only Q−rational torsion points of order dividing 2. In fact, in the chosen examples below this holds for all non-trivial twists of the treated curves E. So we can assume that the order of E −n0 (Q) is equal to the order of E −n (Q) and hence d(n, n 0 ) is independent of torsion elements.
The next observation is that the groups of connected components of twists of an elliptic curve E over the reals are equal, and so d(n, n 0 ) is computed by looking at the non-Archimedean Tamagawa numbers.
Let
Hence we get Lemma 1. Let E be an elliptic curve and E −n and E −n0 be twists of E with #E −n (Q) = #E −n0 (Q) < ∞ and n.n 0 prime to N ′ E and a square in all completions with respect to divisors of
where #div(−) denotes the number of prime divisors of −.
For using Waldspurger Theorem for members of the twist family {E −n } one has to find an eigenform F E as above. Then one has to implement a fast algorithm for computing the Fourier coefficients of F E in a large range.
3.3.
Computing Fourier Coefficients and the Selmer Group. Recall the situation. We have an elliptic curve E with eigenform f E and the Shimura-Shintani lift F E given in a concrete way. In particular we shall consider the following examples from [5] :
where Θ(.) is the theta series of a binary quadratic form and Θ ψ,t :=
is a Fourier series for the Dirichlet character ψ. The elliptic curve E is given as in Cremona's Table [4] .
Let F E ∈ S 3/2 (N ′ , χ 1 ) as above with Fourier expansion ∞ n=1 a n q n .
Strategy 1) Calculate the q−expansion of F E up to an upper bound M , construct the list L := {(n, a n )|n ∈ {1, · · · , M } squarefree}.
2) Choice of Congruence Classes: To apply Waldspurger's theorem we compare twists with twist factors −n, −n 0 with n and n 0 odd and prime to N ′ which are congruent modulo
p . This is satisfied if n ≡ n 0 mod 8 · 2 =p|NE p and hence we shall investigate twist families with twist factors in such congruence classes. First we determine the twist families (with respect to the above congruences) which consist of odd elliptic curves and so have positive analytic rank by looking at the parity of the twist characters. We delete these congruence classes.
We simplify the situation in the cases N E = 11 and N E = 17. To apply Waldspurger's theorem we have to look at congruence classes modulo 88 and respectively 136. We check that for all pairs of these congruence classes which become equal modulo 44 respectively 68 there are n 0 n ′ 0 with the same number of prime divisors, the Fourier coefficients a n0 = a n ′ 0 and the same order of the Selmer groups and hence we can investigate in these cases twist families with families with twist factors running over congruences modulo 44 respectively 68.
We list the resulting congruence classes in Table A Table A. 3) For the integer M and fixed n 0 calculate x n0 (M ) := #{n : n ≤ M, n is square-free, n ≡ n 0 (modN ′ )}, s n0,0,E (M ) := #{n : n ≤ M , n is square-free, n ≡ n 0 (mod N ′ ), a n = 0}, and plot the function s n0,0,E (M )/x n0 (M ). 4) For n 0 , find α ∈ R and ǫ ∈ [−0.02, 0.02] such that
approximates s n0,0,E (M )/x n0 (M ) "well". 5) If a n0 = 0 then replace n 0 by the minimal n in the congruence class such that a n0 = 0. Calculate L E−n 0 (1), #E −n0 (Q) tors and #S Q (E −n0 ) by using the BSD-conjecture and f E . 6) For n 0 and n ≤ M , compute d(n, n 0 ) as described in Subsection 3.2. 7) For n 0 and n ≤ M , compute
. which is, according to the BSD-conjecture, the order of S Q (E −n ). 8) Compute t := #E(Q). Recall that twisting E doesn't change the order of the torsion subgroup of E.
9) For M, k, t and n 0 compute
10) For n 0 , plot the function s n0,k,E (M )/x n0 (M ).
11) For n 0 , find α ∈ R and ǫ ∈ [−0.02, 0.02] such that
approximates s n0,k,E (M )/x n0 (M ) "well".
Remark 1. 1) All data can be found in http://homepage.uludag.edu.tr/˜inam/ 2) Having computed #S Q (E −n ), d(n, n 0 ) and L E−n 0 (1), one can use the BSDconjecture again to compute L E−n (1) as
This is much faster than to compute L E−n (1) directly. We have included these values in our lists.
We come back to the example in Section 3.1. Recall that we wanted to compute the value of L E (1) of the curve
It is the twist of the elliptic curve 11a1 with the twist factor n = 8090677, and by the method described above, we get very fast
approximately in 360 seconds. We now fix an elliptic curve E as well as n 0 and k. We sketch how to determine an approximation function for q n0,k,E . We choose α and ε in the following way: In this work, using the data obtained up to the bound M = 10 
First we calculate the value
and afterwards log(log(xn 0 (Mi)) xn 0 (Mi)
. Comparing these two values, the constant α i can be obtained for each I i . Using the weighted average for the constants α i we determine α (depending on M ). By means of these constants α, we compare the values
After this step we choose for fine-tuning ε ∈ [−0.02, 0.02] such that the approximation is getting better.
Numerical Results
We use the considerations of Subsection 3.3 for extensive computations and observe that in all our examples the functions
are fairly well approximated by
where α > 0 and ε ∈ [−0.02, 0.02].
This observation confirms predictions stated by Birch and lead to
Conjecture 2. For all elliptic curves E, E ′ over Q, all n 0 , n ′ 0 satisfying the conditions of Theorem 3 and all k, k ′ the asymptotic behavior of
is well approximated by a constant times a factor log(log(x(M )) δ where x(M ) is the number of square-free numbers ≤ M and δ is a real number with small absolute value.
Of course one should be much more precise and predict how the factor depends on the parameters. In our context we shall restrict ourselves to a discussion of the reals α we get out of our data by the approximation process in the algorithm described above.
4.1.
Observations. Conjecture 7 predicts that the type of the approximation function is independent of k. But the constants α vary and so a finer analysis seems necessary in order to find reasons or patterns for the size of α.
But let us begin with a word of caution. In our examples we computed α for k ≤ 961. For large k we do not have enough material for any statistical statement. (The record, k = 68121 occurs just one time).
We now discuss examples of the weighted average values which are given in Section 4.3. 
